included, it has been found that the extreme tails of empirical distributions are higher (i.e., contain more of the total probability) than those of the normal distribution. Mandelbrot feels that these departures from normality are sufficient to warrant a radically new approach to the theory of random walks in speculative prices. This new approach, which henceforth shall be called the stable Paretian hypothesis, makes two basic assertions: (1) the variances of the empirical distributions behave as if they were infinite, and (2) the empirical distributions conform best to the non-Gaussian members of a family of limiting distributions which Mandelbrot has called stable Paretian.6 The infinite variance assumption of the stable Paretian model has extreme implications. From a purely statistical standpoint, if the population variance of the distribution of first differences is infinite, the sample variance is probably a meaningless measure of dispersion. Moreover, if the variance is infinite, other statistical tools (e.g., least-squares regression) which are based on the assumption of finite variance will, at best, be considerably weakened and may in fact give very misleading answers. Since past research on speculative prices has usually been based on statistical tools which assume the existence of a finite variance, the value of much of this work may be doubtful if Mandelbrot's hypothesis is upheld by the data.
In the remainder of this paper we shall examine further the theoretical and empirical content of Mandelbrot's stable Paretian hypothesis. The first step will be to examine some of the important statistical properties of the stable Paretian distributions. The statistical properties will then be used to illustrate different types of conditions that could give rise to a stable Paretian market. After this the implications of the hypothesis for the theoretical and empirical work of the economist will be discussed. Finally, the state of the evidence concerning the empirical validity of the hypothesis will be examined.
II. THE STABLE PARETIAN DISTRIBUTIONS7

A. THE PARAMETERS OF STABLE PARETIAN DISTRIBUTIONS
The logarithm of the characteristic function for the stable Paretian family of distributions is8 log f (t) = logJ exp(iut) dP(fi < u) an index of skewness which can take any value in the interval -1 < ,B < 1. When , = 0 the distribution is symmetric. When A > 0 the distribution is skewed right (i.e., has a long tail to the right), and the degree of right skewness increases in the interval 0 < # < 1 as A approaches 1. Similarly, when # < 0 the distribution is skewed left, with the degree of left skewness increasing in the interval -1 < / < 0 as A approaches -1.
Of the four parameters of a stable Paretian distribution the characteristic exponent a is the most important for the purpose of comparing "the goodness of fit" of the Gaussian and stable Paretian hypotheses. The characteristic exponent a determines the height of, or total probability contained in, the extreme tails of the distribution, and can take any value in the interval 0 < a < 2. When a = 2, the relevant stable Paretian distribution is the normal distribution.9 When a is in the interval 0 < a < 2, the extreme tails of the stable Paretian distributions are higher than those of the normal distribution, with the total probability in the extreme tails increasing as a moves away from 2 and toward 0. The most important consequence of this is that the variance exists (i.e., is finite) only in the extreme case a = 2. The mean, however, exists as long as a > -a(log u-log V1), u >O and log Pr ( i < u)
-a(logIu-log V2), U<O.
Expressions (5) and (6) imply that, if
Pr(fi > u) and Pr(fi < u) are plotted against J u on double log paper, the two lines should become asymptotically straight and have slope that approaches -a as Jul approaches infinity. Double log graphing, then, is one technique for estimating a.5
C. OTHER PROPERTIES OF STABLE PARETIAN DISTRIBUTIONS
The three most important properties of stable Paretian distributions are (1) the asymptotically Paretian nature of the extreme tail areas, (2) stability or invariance under addition, and (3) the fact that these distributions are the only possible limiting distributions for sums of independent, identically distributed, random variables. The asymptotic law of Pareto was discussed in the previous section. We shall now consider in detail the property of stability and the conditions under which sums of random variables follow stable Paretian limiting distributions.
1. Stability or invariance under addition.-By definition, a stable Paretian distribution is any distribution that is stable or invariant under addition. That is, the distribution of sums of independent, identically distributed, stable Paretian variables is itself stable Paretian 13 Op. cit., chap. iv. 14 L6vy, op. cit. 15 Unfortunately the simplicity of the double log graphing technique is, in some cases, more apparent than real. In particular, the technique is weak when the characteristic exponent is close to 2. It has been proven independently by Gnedenko and Doeblin that in order for the limiting distribution of sums to be stable Paretian with characteristic exponent a(O < a < 2) it is necessary and sufficient that'7 1-F(uj C2 as
and for every constant k > 0,
1-F(ku)+F(-ku) ka as u-+c,
where F is the cumulative distribution function of the random variable ui and C, and C2 are constants. Expressions (7) and (8) will henceforth be called the conditions of Doeblin and Gnedenko. It is clear that any variable that is asymptotically Paretian (regardless of whether it is also stable) will satisfy these conditions. For example, consider a variable fu that is asymptotically Pare- In sum, so long as the effects of individual bits of information combine in a way which makes the price changes from transaction to transaction asymptotically Paretian with exponent a, then according to the conditions of Doeblin and Gnedenko the price changes for longer differencing intervals will be stable Paretian with the same value of a. According to our best knowledge at this time, however, it is necessary that the distribution of the price changes implied by individual bits of information be at least asymptotically Paretian (but not necessarily stable) if the distributions of changes for longer time periods are to have stable Paretian limits.
IV. IMPORTANCE OF THE STABLE PARETIAN HYPOTHESIS
The stable Paretian hypothesis has many important implications. First of all, if we retrace the reasoning of the previous section, we see that the hypothesis implies that there are a larger number of abrupt changes in the economic variables that determine equilibrium prices in speculative markets than would be the case under a Gaussian hypothesis. If the distributions of daily, weekly, and monthly price changes in a speculative series are stable Paretian with 0 < a < 2, the distribution of changes between transactions must, at very least, be asymptotically Paretian. Changes between transactions are themselves the result of the combination of the effects of many different bits of information. New information, in turn, should ultimately reflect changes in the underlying economic conditions that determine equilibrium prices in speculative markets. Thus, following this line of reasoning, the underlying economic conditions must themselves have an asymptotically Paretian character and are therefore subject to a larger number of abrupt changes than would be the case if distributions of price changes in speculative markets conformed to the Gaussian hypothesis.
The fact that there are a large number of abrupt changes in a stable Paretian market means, of course, that such a market is inherently more risky for the speculator or investor than a Gaussian market. The variability of a given expected yield is higher in a stable Paretian market than it would be in a Gaussian market, and the probability of large losses is greater.
Moreover, in a stable Paretian market speculators cannot usually protect themselves from large losses by means of such devices as "stop-loss" orders. In a Gaussian market if the price change across a long period of time is very large, chances are the total change will be the result of a large number of very small changes. In a market that is stable Paretian with a < 2, however, a large price change across a long interval will more than likely be the result of a few very large changes that took place during smaller subintervals.'9 This means that if the price level is going to fall very much, the total decline will probably be accomplished very rapidly, so that it may be impossible to carry out many "stop-loss" orders at intermediate prices.20
The inherent riskiness of a stable Paretian market may account for certain types of investment behavior which are difficult to explain under the hypothesis of a Gaussian market. For example, it may partially explain why many people avoid speculative markets altogether, even though at times the expected gains from entering these markets may be quite large. It may also partially explain why some people who are active in these markets hold a larger proportion of their assets in less speculative, liquid reserves than would seem to be necessary under a Gaussian hypothesis.
Finally, the stable Paretian hypothesis has important implications for data analysis. As mentioned earlier, when a < 2 the variance of the underlying stable Paretian distribution is infinite, so that the sample variance is an inappropriate measure of variability. Moreover, other statistical concepts, such as least-squares regression, which are based on the assumption of finite variance are also either inappropriate or considerably weakened.
The absence of a finite variance does not mean, however, that we are helpless in describing the variability of stable Paretian variables. As long as the characteristic exponent a is greater than 1, estimators which involve only first powers of the stable Paretian variable have finite expectation. This means that concepts of variability, such as fractile ranges and the absolute mean deviation, which do involve only first powers, have finite expectation and thus are more appropriate measures of variability for these distributions than the variance. 
V. THE STATE OF THE EVIENCE
The stable Paretian hypothesis has far-reaching implications. The nature of the hypothesis is such, however, that its acceptability must ultimately depend on its empirical content rather than on its intuitive appeal. The empirical evidence up to this point has tended to support the hypothesis, but the number of series tested has not been large enough to warrant the conclusion that further tests are unnecessary.
For commodity markets the most impressive single piece of evidence is a direct test of the infinite variance hypothesis for the case of cotton prices. Mandelbrot computed the sample second moments of the daily first differences of the logs of cotton prices for increasing samples of from 1 to 1,300 observations. He found that as the sample size is increased the sample moment does not settle down to any limiting value but rather continues to vary in absolutely erratic fashion, precisely as would be expected under the stable Paretian hypothesis.22
Mandelbrot's other tests in defense of the stable Paretian hypothesis are based primarily on the double log graphing procedure mentioned earlier. If the distribution of the random variable u1 is stable Paretian with a < 2, the graphs of log Pr(fi < u), u negative, and log Pr(fi > u), u positive, against log Jul should be curves that become asymptotically straight with slope -a. The graphs for the same cotton price data seemed to support the hypothesis that a is less than 2. The empirical value of a appeared to be about 1.7.
Finally, in my dissertation the stable Paretian hypothesis has been tested for the daily first differences of log price of each of the thirty stocks in the DowJones Industrial Average. Simple frequency distributions and normal probability graphs were used to examine the tails of the empirical distributions for each stock. In every case the empirical distributions were long-tailed, that is, they contained many more observations in their extreme tail areas than would be expected under a hypothesis of normality. In addition to these tests three different procedures were used to estimate values of the characteristic exponent a for each of the thirty stocks. The estimates produced empirical values of a consistently less than 2. The conclusion of the dissertation is that for the important case of stock prices the stable Paretian hypothesis is more consistent with the data than the Gaussian hypothesis.
VI. CONCLUSION
In sum, the stable Paretian hypothesis has only been directly tested on a limited number of different types of speculative price series. It should be emphasized, however, that every direct test on unprocessed and unsmoothed price data has found the type of behavior that would be predicted by the hypothesis. Before the hypothesis can be accepted as a general model for speculative prices, however, the basis of testing must be broadened to include other speculative series.
Moreover, the acceptability of the stable Paretian hypothesis will be improved not only by further empirical documentation of its applicability but also by making the distributions themselves more tractable from a statistical point of view. At the moment very little is known about the sampling behavior of procedures for estimating the parameters of these distributions. Unfortunately, as mentioned earlier, rigorous, analytical sampling theory will be difficult to develop as long as explicit expressions for the density functions are not known. However, pending the discovery of such expressions, Monte Carlo techniques could be used to learn some of the properties of various procedures for estimating the parameters.
Mandelbrot's stable Paretian hypothesis has focused attention on a long-neglected but important class of statistical distributions. It has been demonstrated that among speculative series the first differences of the logarithms of stock and cotton prices seem to conform to these distributions. The next step must be both to test the stable Paretian hypothesis on a broader range of speculative series and to develop more adequate statistical tools for dealing with stable Paretian distributions.
